Abstract. We discuss a class of complete Kähler manifolds which are asymptotically complex hyperbolic near infinity. The main result is a sharp vanishing theorem for the second L 2 cohomology of such manifolds under certain assumptions. The borderline case characterizes a Kähler-Einstein manifold constructed by Calabi.
Introduction
Thanks to the AdS/CF T correspondence in string theory, the study of conformally compact Einstein manifolds has been very active and many new results have been obtained; see, e.g., Anderson [A] , Witten and Yau [WY] , and Wang [W1] , etc. From a mathematical point of view, it is very natural to also study manifolds whose asymptotic geometry is locally modeled on the other rank one symmetric spaces, namely the complex hyperbolic space CH n , the quarternionic hyperbolic space HH n and the Cayley plane OH n . Such manifolds, especially those which are asymptotic to the complex hyperbolic space, have been studied by a few authors, first Epstein and Melrose [EM] and more recently Biquard [Biq] . In this paper we focus on Kähler manifolds which are asymptotically complex hyperbolic (ACH) near infinity. We show that a number of results and methods in the study of conformally compact Einstein manifolds can be generalized to these manifolds. We try to obtain optimal results in the Kähler setting.
The paper is organized as follows. In Section 2, we discuss a noncompact Kähler -Einstein manifold constructed by Calabi. This is an interesting example on which we can produce explicitly an L 2 -harmonic (1, 1)-form and also determine the bottom of the spectrum of the Laplacian on functions. In Section 3 we prove some vanishing theorems on L 2 -harmonic forms on a noncompact Kähler manifold asymptotic to the complex hyperbolic space. In Section 4, we discuss the borderline case and prove that this characterizes the Calabi example. In the last section we make a few remarks and raise some open questions.
An example of Calabi
Let π : L → M be a holomorphic line bundle over a compact manifold M of complex dimension n. Suppose L is endowed with a Hermitian metric such that
where σ is a holomorphic section, ∂ is a Kähler form on M and
Then Calabi constructed the following Kähler-Einstein metric on the disc bundle P = {σ ∈ L | |σ| < 1}:
For the construction, see Calabi [Cal] . With the metric ω explicitly given, it is easy to verify that Ric(ω) = − n+2 2 ω. First we have
Therefore, by (2.1) and (2.2),
Moreover if (M, θ) is complex hyperbolic, i.e., all the holomorphic sectional curvatures are −1, then (P, ω) is also complex hyperbolic. This makes the Calabi construction geometrically transparent in this special case. Namely if M is complex hyperbolic, we can represent it as B n /Γ, where B n is the unit ball in C n with the Bergmann metric and Γ is a torsion cocompact lattice in P SU (1, n) , the isometry group of B n . Then P is simply B n+1 /Γ, where Γ is viewed as a discrete subgroup of P SU(1, n + 1) via the natural inclusion P SU(1, n) → P SU(1, n + 1).
Consider the following real (1, 1)-form on P :
where f (t) = (1 − t) n . One easily verifies that Λξω n+1 = (n + 1)ω n ∧ ξ = 0 and
Similarly ∂ξ = 0. By the Kähler identities ξ is harmonic. By a simple calculation and (2.4), we have
This implies
By the formula (2.4) for the volume form, it is then easy to see that ξ is L
Proposition 2.1. We have u ∈ L 2 and −∆u = nu.
Proof. The first claim is obvious. Let f = 1 − |σ| 2 . We compute
By these two identities, we easily obtain
The proposition states that u is a positive L 2 eigenfunction with eigenvalue n. It is then easy to see that n is in fact the bottom of the spectrum of −∆.
Vanishing theorems for ACH Kähler manifolds
Let N be a complex manifold. We consider a domain M ⊂ N such that M is compact with a smooth boundary ∂M which is strongly pseudoconvex, i.e., there exists a smooth function ρ on M such that There are many examples of ACH Kähler manifolds: a strongly pseudoconvex domain Ω ⊂ C n with the Bergmann metric or the Kähler -Einstein metric constructed by Cheng and Yau [CY] . The Calabi example discussed in Section 2 is an ACH Kähler manifold.
XIAODONG WANG
According to Klembeck [Kle] , the curvature tensor of an ACH Kähler metric satisfies
i.e., it approaches the curvature tensor of constant holomorphic sectional curvature −1, hence the name ACH (asymptotically complex hyperbolic). One can study L 2 -harmonic forms on an ACH Kähler manifold M of complex dimension m in the same way as Mazzeo [Ma] [EMM] where the more general Θ-metric is considered. The indicial components for eigenforms are computed in Epstein and Melrose [EM] .
By this analytic theory, one can easily establish the following.
Proof. Since M is Kähler , we have the decomposition
, and moreover the two factors are isomorphic by conjugation. Therefore, it suffices to prove that there is no nonzero L 2 -holomorphic 1-form. Suppose θ is such a form; then it vanishes on the boundary. By the strong maximum principle, it must be identically zero.
Remark 3.3. By the same proof, H 1 (M ) = 0 if we only assume that M has an asymptotically complex hyperbolic end. But in general H 1 (M ) is not isomorphic to H 1 (M ).
As H 1 (M ) = H 1 (M, ∂M ), we have the following by Lefschetz duality (see [W1] for the analogous result in the conformally compact case). It should be emphasized that there is no curvature assumption in the above theorem, in contrast to the conformally compact case where the vanishing of H 1 (M ) is true only under extra assumptions, e.g., the Einstein condition and some restriction on the conformal infinity. But if we look at the next cohomology group there is indeed a similarity. 
Moreover equality holds iff there exists a unit (1, 0)-form θ such that
where {X 0 , X 1 , . . . , X n−1 } is a unitary frame for T 1,0 M with X 0 dual to θ.
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Proof. We do the calculation near a point p ∈ M . In local coordinates we write
Since ξ is harmonic, Λξ = g ij a ij is constant. Hence
Since ξ is ∂-closed, we have
On the other hand, using (3.4),
By (3.3),
Going back to the previous calculation, we obtain
Combining this inequality with (3.5), we obtain
From the proof we can see when the equality holds. For (3.5) to be an equality we must have (3.8)
∂a iī ∂z j = t j λ i , for some number t j . We also have (3.9)
∂a kj ∂z i = 0, if k = j, i = j and (3.10)
∂a jj ∂z i = s i for j = i. Then it is easy to see that only one of the t i 's, say t 1 , is nonzero and
and all ∂a ij ∂z k = 0 except ∂a jj ∂z 1 = ∂a 1j ∂z j = t 1 λ j . In summary, the equality holds at p iff in normal coordinates we diagonalize ξ such that
Remark 3.6. The lemma, without the characterization of the equality case, was used by Li and Yau [LY] in the study of asymptotically flat Kähler manifolds.
Theorem 3.7. Let M be a complete ACH Kähler manifold of complex dimension n + 1 with bisectional curvatures
Remark 3.8. Recall that the bisectional curvature is defined as −R (u,ū, v,v) 
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By the assumption that the bisectional curvature ≥ −1/2 we mean that
Proof. We have the Hodge decomposition
. The same argument used in the proof of Theorem 3.2 shows that both H 2,0 (M ) and H 0,2 (M ) vanish. Therefore we only need to study H 1,1 (M ). Suppose φ is a real L 2 -harmonic (1, 1)-form. We need the following Bochner-type formula due to Bishop and Goldberg [BG] (cf. Wu [Wu] ):
Here we work with a local unitary frame of (1, 0)-
where in the last step we used the fact that φ i = 0 and |φ| 2 = φ 2 i . This can be rewritten as
Let u = |φ| n n+1 . We compute, using (3.12), ∆u = n n + 1 |φ|
i.e., we have (3.13) ∆u ≥ −nu.
By the asymptotic expansion for the L 2 -harmonic form φ, one can show that u ∈ L 2 (see [W2] for an analogous discussion). The above equation implies (3.14)
Then λ 0 (g) ≤ n. This proves the first part. We will prove the second part in the next section.
The borderline case
In the borderline case, all the above inequalities must be equalities. In particular we have (4.1) ∆u = −nu and hence u > 0 by the Harnack inequality. By Lemma 3.5 and the remark following it, there exists a unit (1, 0)-form θ such that for any unitary frame of (1, 0)-forms {θ 0 = θ, θ 1 , . . . , θ n } and its dual frame {X 0 = X, . . . , X n },
By (4.2) we have |φ| 2 = n(n + 1)λ 2 . Without loss of generality we assume λ > 0. We compute, using (4.2),
Comparing with (4.3) yields (4.8) and comparing with (4.4) yields for k ≥ 1,
As ω is parallel, using (4.7) and (4.8) it is easy to derive
This shows that ∇ X θ k does not contain θ and ∇ X θ k does not contain θ for any
Similarly we have for k ≥ 1,
This implies that (4.13)
Dualizing (4.10), (4.11) and (4.13) gives (4.14)
The choice of θ is not unique as it can be multiplied by a phase e iφ . We now remove this ambiguity by making t a positive real function. Write
with ξ = Jν. Then by (4.6) and (4.9) it is clear that {ξ, X 1 , . . . , X n } span the tangent space of Σ λ while ν = ∇λ/|∇λ| and t = |∇λ| √ 2λ
. We compute, using (4.14),
The last two terms ∇ X X k and ∇ X X k are tangent to Σ λ by (4.7) and (4.8). Since [ξ, X K ] is tangential we must have b k = 0. Therefore (4.15)
Let Π be the second fundamental form Σ λ , i.e.,
for u, v tangent to Σ λ . By (4.15) and (4.12) it is easy to show that (4.16) Π(X k , X l ) = 0, Π(X k , X l ) = − t √ 2(n + 1) δ kl , Π(X k , ξ) = 0, Π(X k , ξ) = 0.
To determine Π(ξ, ξ) we first compute
Similarly we have
with T being a linear combination of {X 1 , . . . , X n , X 1 , . . . , X n }. We now compute
